We study the ground-state phase diagram of the quantum J1 − J2 model on the honeycomb lattice by means of an entangled-plaquette variational ansatz. Values of energy and relevant order parameters are computed in the range 0 ≤ J2/J1 ≤ 1. The system displays classical order for J2/J1 < ∼ 0.2 (Néel), and for J2/J1 > ∼ 0.4 (collinear). In the intermediate region, the ground-state is disordered. Our results show that the reduction of the half-filled Hubbard model to the model studied here does not yield accurate predictions. Frustrated quantum antiferromagnets are a subject of current intense research, whose study is rendered even more timely by recent, intriguing proposals of possible experimental realizations with ultracold atoms.
Frustrated quantum antiferromagnets are a subject of current intense research, whose study is rendered even more timely by recent, intriguing proposals of possible experimental realizations with ultracold atoms.
1 Frustration can arise either from the geometry of the system, or from competing interactions, and can lead to the stabilization of novel, exotic (magnetic and non-magnetic) phases of matter.
A prototypical spin model, featuring interactioninduced frustration, is the spin-1/2 antiferromagnetic (AF) Heisenberg Hamiltonian in presence of nextnearest-neighbor (NNN) coupling (usually referred to as the J 1 −J 2 model):
where S i is a spin-1/2 operator associated to the ith lattice site and the first (second) summation runs over NN (NNN) sites. Periodic boundary conditions (PBC) are assumed.
2
Model (1) has been extensively studied on the square lattice, 3 and has more recently elicited great interest on the honeycomb one, [4] [5] [6] [7] [8] [9] [10] [11] [12] . For J 2 = 0 (i.e., with no NNN interaction), the ground state (GS) of (1) features AF long-range (Néel) order on both these two bipartite lattices. 13 When J 2 > 0 the system is frustrated. Néel order remains, for sufficiently small values of J 2 , but as J 2 grows different phases, including disordered ones, become energetically competitive. For example, on the square lattice the GS displays magnetic long-range order (albeit of different types) for small and large value of J 2 , while the nature of the GS in the intermediate region (i.e., J 2 ∼ 0.5) is still under debate.
3 On the honeycomb lattice, due to its lower coordination number with respect to the square one, the disruptive effect of quantum fluctuations on magnetic order is enhanced, as confirmed by the value of the sublattice magnetization, which in the unfrustrated case is approximatively 10% smaller on the honeycomb than on the square lattice 13 . Studies of the magnetic phase diagram of the J 1 −J 2 model on the honeycomb lattice, based on different computational approaches, have yielded conflicting physical scenarios. For example, it is unclear if the GS of the system is disordered ("spin liquid") for any value of J 2 , and even the nature of ordered phases remains controversial. [4] [5] [6] [7] [8] [9] [10] Exact diagonalization (ED) of (1) on small lattices (up to 42 sites), yields evidence of AF Néel order for J 2 < ∼ 0.2. For 0.2 < ∼ J 2 < ∼ 0.4 the system is predicted to be in a plaquette valence-bond crystalline phase, while, for larger values of J 2 , a collinear phase (not easy to characterize on small lattices) has been suggested 6 (see Fig. 1 ). The physical picture emerging from ED, whose predictive power is clearly affected by finite-size limitations, must be assessed by calculations performed on systems of much larger size, in order to carry out a reliable extrapolation of the relevant physical properties to the thermodynamic limit. Series expansions yield, for instance, a similar physical scenario, the main difference being a GS with spiral magnetic order found in the intermediate region.
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Quantum Monte Carlo (QMC) approaches yield numerically exact estimates for very large system sizes at J 2 = 0, but are not applicable in presence of frustration due to the well-known "sign" problem. Conversely, variational Monte Carlo (VMC) methods are by definition free of such problem, and suffer from no significant size limitation. Of course, they are also approximate, their accuracy depending on the choice of the variational wave function (WF). A recent variational investigation of the J 1 −J 2 Hamiltonian on the honeycomb lattice, predicts the disappearance of Néel order at J 2 ≃ 0.08, a dimerized rotational symmetry-breaking phase for J 2 > ∼ 0.3 and a spin-liquid GS in the intermediate region. 4 It should be noted that, while in studies based on ED the presence of order of different kinds is assessed by a computation of relevant order parameters, the conclusions of Ref. 4 are mainly based on the comparison of energy estimates yielded by variational WF's corresponding to differently ordered, or disordered GS's.
Given the qualitative disagreement between ED and the only existing variational study, two basic aspects that still need be clarified are a) the type of magnetic order (if any) of phase(s) that occur as Néel order is suppressed on increasing J 2 , and b) the nature of the GS for J 2 > ∼ 0.4. Also of interest is the value of J 2 at which the Néel order vanishes, which according to Ref. 4 is in quantitative agreement with that found for the half-filled Hubbard model.
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In this paper, we report results of a variational study of the GS phase diagram of (1) on the honeycomb lattice, using the variational family of entangled-plaquette states (EPS).
15 This is a general ansatz, which has been shown to yield accurate estimates of GS observables for quantum spin lattice Hamiltonians, including frustrated ones.
15, 16 The goal of this work is to determine the phase diagram of the model of our interest by direct estimation of the values of various order parameters, extrapolated to the thermodynamic limit. Specifically, besides GS energies we also compute sublattice magnetizations and dimer-dimer correlation functions. We find AF Néel order up to J 2 < ∼ 0.2, whereas for J 2 > ∼ 0.4 the AF order is collinear; for 0.2 < ∼ J 2 < ∼ 0.4 the GS is instead disordered. An exhaustive description of the EPS class of states can be found in Refs. 15 and 16. We merely wish to stress that the EPS WF has been applied to a variety of lattice spin Hamiltonians, always providing results of accuracy at least comparable to (or better than) that afforded by different numerical techniques or variational WF's.
In this study, given the specific magnetic orders (see Fig. 1 ) that we aim at identifying, the appropriate phase factors have been incorporated in the general ansatz. Our numerical calculations have been carried out for lattices of size as large as N = 324 sites. For each lattice size and value of J 2 , we independently and systematically optimize the EPS WF, by progressively increasing the size of our plaquettes (i.e., the number l of lattice sites that a plaquette comprises). Both the WF optimization and the evaluation of various physical quantities are achieved via the variational Monte Carlo method. We extrapolate to the thermodynamic limit the estimates obtained on finite lattices of different sizes, for a given plaquette size, and then, asses the dependence of our results on the plaquette size. Table I shows the GS energy per site e ≡ E/N for a lattice comprising N = 100 sites, for different values of 
3), are needed in order to improve on the variational energy estimates of Ref. 4 in the remaining cases. This illustrates the main quality of the EPS ansatz, namely that it can be systematically improved by increasing the size of the plaquette, yielding energy estimates of accuracy, typically higher than that afforded by other trial WF's.
Estimates of the GS energy per site for various values of J 2 and different plaquette size l are shown in Fig. 2 (left part) , as a function of the system size. Extrapolation to the thermodynamic limit of numerical estimates obtained with the same l has been performed by assuming the functional scaling form e(N, l, J 2 ) = e(∞, l, J 2 ) + α(l, J 2 )N −3/2 . Extrapolated values, therefore, depend on the size l of the plaquette utilized. Since by construction expectation values (of any observable) must approach the exact GS values in the limit of large plaquette size, the question is how to obtain a reliable estimate for such a limit, based on those obtained with relatively small plaquettes. While in principle calculations with ever increasing plaquette size should be carried out, in order to observe numerical convergence of results, currently available computer resources limit the largest plaquette size for which this procedure can be implemented in practice. As it turns out, however, results for both the energy and for the relevant magnetic order parameters obtained with plaquettes of size up to l=16, lend themselves to simple numerical extrapolations. 17 An example of this procedure is illustrated in the right part of Fig. 2 , showing energy estimates extrapolated to the thermodynamic limit i.e., e(∞, l, J 2 ), as a function of the plaquette size. We assume that e(∞, l, J 2 ) can be expanded in powers of l −1/2 and fit the data using the smallest number of powers. plotted versus l −3/2 , i.e., an excellent fit to the data is obtained with a single power (dashed lines); in any case, the extrapolated value does not change appreciably on including additional terms. For J 2 = 0, this procedure leads to an estimate in agreement with that obtained by QMC 13, 18 (essentially exact in this case). The cogent observable, in order to assess the presence of magnetic order in the J 1 −J 2 Hamiltonian, is the squared sublattice magnetization (SSM), defined as
where the two summations are taken over lattice sites belonging to different sublattices, as shown in Fig. 1 . The dependence of the values of the above observable on J 2 , allows one to identify any range of parameters in which possibly magnetically disordered phases may exist. It is worth restating that in this work we consider only two types of magnetic long-range order, schematically illustrated in Fig. 1 , namely Néel and collinear. Figure 3 shows estimates of the Néel SSM extrapolated to the thermodynamic limit (left part), based on the functional form The QMC estimate in the J2 = 0 case is also shown for comparison (star).
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for different plaquette sizes. Just like for the energy, the right part of the figure shows the extrapolated values m 2 (∞, l, J 2 ), this time plotted versus l −1/2 . The fit to the data is performed using a quadratic functional dependence (dashed lines).
For J 2 = 0, our estimates in the large l limit is again in quantitative agreement with QMC ones 13, 18 . At J 2 = 0.15 the Néel SSM is finite; we make such a statement based on the observation that assuming a linear dependence of m 2 (∞, l, J 2 ) on l −1/2 (the fit is acceptable), we obtain a finite extrapolated value [dotted line in Fig.  3 (right part) ]. On including a term proportional to l −1 the visible upward bend of the data is better described. In turn, the extrapolated value of the order parameter increases.
For J 2 = 0.2 a linear fit gives an unphysical value while a quadratic one gives a better description of the data leading, within the accuracy of our calculation, to a null value of the Néel order parameter. Therefore it is reasonable to locate the transition point, at which the Néel order vanishes, very close to J 2 = 0.2. larger J 2 , the GS of the system orders collinearly. Figure 4 shows the collinear SSM as a function of N (left part), and its values extrapolated to the thermodynamic limit versus l (right part), for J 2 = 0.5. The right panel shows that the collinear order parameter is finite. Collinear order has been found up to J 2 = 1.0 (i.e., the maximum J 2 value considered in this study).
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Our prediction of Néel order persisting up to J 2 ∼ 0.2 is in agreement with recent ED works. 5, 6 That the collinearly ordered phase appears at J 2 ∼ 0.4 is also consistent with the ED suggestion. 6 As shown by our energy estimates (Tab. I), the collinear phase is favored with respect to the dimerized rotational-symmetry breaking one (described via a resonating valence-bond WF ) proposed for J 2 > ∼ 0.3 in Ref. 4 . ED studies also predict a plaquette valence-bond crystal phase in the region in which neither Néel nor collinear orders occur. By estimating the appropriate order parameter, defined as in Ref. 5 , we find this kind of order in the region of interest, only in systems of small size, i.e., the plaquette structure factor is found to vanish in the thermodynamic limit (see Fig.  5 ). Therefore, our best GS candidate in this parameter window, is disordered (spin liquid). A disordered GS has been also found by the authors of Ref. 4 . Such a phase, however appears at a value of the NNN coupling constant approximately two times smaller than that found by us.
Summarizing, the J 1 − J 2 model on the honeycomb lattice has been investigated by means of variational calculations based on the EPS WF. The phase diagram of the model displays three distinct regions: magnetic order of Néel and collinear type is found for J 2 < ∼ 0.2 and J 2 > ∼ 0.4 respectively; in the intermediate region, none of the ordered parameters considered here remains finite, consistently with a disordered GS scenario. Such a disordered region has been not revealed by ED studies, in our view, due to the small size of the lattices that are accessible to them. Interestingly, the value of J 2 at which Néel order vanishes, according to both ED and our calculations, is considerably larger than that (J 2 ≃ 0.08) found in Ref. 4 . In Ref. 4 , a striking similarity was suggested between the phase boundary of the J 1 − J 2 and that of the half-filled Hubbard model 14 at the Neel-to-disorder transition; the validity of such a suggestion may have to be reconsidered, in the light of the results presented here which indicate that the simple reduction of the physics of the Hubbard model to that of an effective spin-1/2 system, such as the J 1 − J 2 , might not be achievable.
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